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Abstract 

Let M be a vector space over a field k and R € Endfc(M (g) M). This paper studies 
what shall be called the Long equation: that is, the system of nonlinear equations 
#12^13 = ^13^12 and ^12^23 = #23^12 in ^nd k {M <g> M ® M). Any symmet- 
ric solution of this system supplies us a solution of the integrability condition of the 
Knizhnik-Zamolodchikov equation: [R 12 , R 13 +R 23 ] = (f| or Q). We shall approach 
this equation by introducing a new class of bialgebras, which we call Long bialgebras: 
these are pairs (H, a), where H is a bialgebra and a : H ® H — > /c is a /c-bilinear map 
satisfying certain properties. The main theorem of this paper is a FRT type theorem: 
if M is finite dimensional, any solution R of the Long equation has the form R = R a , 
where M has a structure of a right comodule over a Long bialgebra (L(R), a), and R a 
is the special map R a (m ® n) = J2 c(wi<i> <8> n < i > )m < Q > (8) n<o>. 



Introduction 

Let M be a finite dimensional vector space over a field and R G Endfc(M ® M). In this 
paper we shall describe all solutions of what we have called the Long equation, namely the 
system of nonlinear equations 

j R 12 R 13 = R 13 R 12 
I R 12 R 23 = R 23 R 12 

in End ^(M® M<g)M). Our approach is similar to the one used by Faddeev, Reshetikhin and 
Takhtadjian in relating the solutions of the quantum Yang-Baxter equation to comodules 
over co-quasitriangular bialgebras (see 0). 
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We shall introduce a new class of bialgebras which we shall call Long bialgebras. They 
are pairs (H,a), where if is a bialgebra and a : H ® H — > A; is a linear map satisfying 



the conditions (LI) — (L5) from definition 3.3 , The conditions (L2) — (L5) are identical 



with the conditions (B2) — (B5) from the definition of co-quasitriangular bialgebras. What 
differentiates Long bialgebras from the co-quasitriangular bialgebras is the condition (LI) 
versus {Bl). This new class of bialgebras will play a fundamental role in solving the Long 
equation. More precisely, if (M, p) is a right comodule over a Long bialgebra (H,a), then 
the special map 

R a : M <g> M -»• M ® M, R a (m <g> n) = J2 °( m <i> ® ™<i>)«i< > ® n <0> 

is a solution of the Long equation. Conversely, the main theorem of this paper is a FRT 
type theorem: if M is a finite dimensional vector space and R is a solution of the Long 
equation, then there exists a Long bialgebra (L(R), a) such that M has a structure of right 
L(i?)-comodule and R = R a . Let us now look at the Long equation from a different angle, 
having in mind Radford's version of the FRT theorem (|§): in the finite dimensional case, any 
solution R of the quantum Yang-Baxter equation has the form R = R(m,-, p ), where (M, -, p) G 
A{ R) yV A{R \ the cate gory of Yetter-Drinfel'd modules. This is obtained immediately, keeping 
in mind the fact that a comodule (M,p) over a co-quasitriangular bialgebra (like (A(R),cr)) 
has a structure of Yetter-Drinfel'd module via 

h ■ m — cr(m<i> ® h)m <0> 

for all /i G m G M and R(M,-,p) — R a . A similar phenomenon happens to the 

comodules over a Long bialgebra (H,a): they become objects in the category of LL- 
dimodules (see Proposition 3.6). This category has been introduced by Long (0) for the 
case of a commutative and cocommutative H and studied in connection with the Brauer 
group of an LL-dimodule algebra. For this reason, we called system ([[]) the Long equation 
and the new class of bialgebras, Long bialgebras. 

Finally, we shall point out a connection between the symmetric solutions of the Long equation 
(e.g. the map from proposition |2.4p and solutions of the integrability condition of the 
Knizhnik-Zamolodchikov equation. Suppose that R is a solution of the Long equation; then 
R satisfies the equation [-R 12 , R 13 + R 23 } = 0, which is called the integrability condition of 
the Knizhnik-Zamolodchikov equation (see |IJ). Moreover, we assume that R is symmetric, 
that is R 12 = R 21 . W is a solution of the Knizhnik-Zamolodchikov equation if it is a solution 
of the following system of differential equations: 

dW ^ R ij 

St = h E(-F-^)W (2) 

This is the equation for a function W(z) taking values in M® n , representing a covariant 
constant section of the trivial bundle Y n x M® n — > Y n with flat connection Y^i^j R lJ z f^ zj 
(here k is the complex field C, h is a complex parameter and Y n = C n /multidiagonal). In 
other words, R is describing a family of flat connections on bundles with fiber M® n . For 
further details we refer to 0] and . 
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1 Preliminaries 



Throughout this paper, k will be a field. All vector spaces, algebras, coalgebras and bialge- 
bras considered are over k. ® and Horn will mean ®k and Honifc. For a coalgebra C, we will 
use Sweedler's S-notation, that is, A(c) = S c (i)® c (2)? (f ®A)A(c) = E c (i)® c (2)® c (3), etc. 
We will also use Sweedler's notation for right C-comodules: pMijn) = J2 m <o> ®fn<i>, for 
any m G M if (M, pm) is a right C-comodule. A^* 7 will be the category of right C-comodules 
and C-colinear maps and a-M will be the category of left A-modules and A-linear maps, if A 
is a A;-algebra. An important role in the present paper will be played by A4 n (k), the comatrix 
coalgebra of order n, i.e. A4 n (k) is the n 2 -dimensional vector space with {cjj | i,j — 1, • • • , n} 
a /c-basis such that 

n 

A(cj fc ) = 51 c JU <8> c ufe , e(cjfc) = (3) 

for all j, k = 1, • • • ,n. We view T(M. n {k)) with the unique bialgebra structure which can 
be defined on the tensor algebra T(Ai n (k)), which extends the comultiplication A and the 
counity e of M n (k). 

Let if be a bialgebra. An H-dimodule over if is a triple (M, -,p), where (M, •) is a left 
if -module, (M, p) is a right if-comodule such that the following compatibility condition 
holds: 

p(h ■ m) = h ■ m <o> ® m <i> ( 4 ) 

for all /i G if and m G M . The category of if -dimodules over if and if -linear if-colinear 
maps will be denoted by h£ h ■ This category was introduced for a commutative and cocom- 
mutative if by Long in ||. 

For a vector space M, r : M®M — > M®M will denote the flip map, that is r(m®n) = n®m 
for all m, n G M. If ff : M <g> M — >• M <8> M is a linear map, we denote by ff 12 , i? 13 , ff 23 the 
maps of End k(M ® M <g> M ) given by 

R l2 = R®I, R 23 = I®R, R n = (I ®t)(R® ®r). 



2 The Long equation 

We shall start with the following: 



Definition 2.1 Let M be a vector space and R G Endfc(M eg) M). VFe s/ia// sat/ £/iat R is a 
solution for the Long equation if 

R 12 R 13 = R 13 R 12 

^>12^>23 _ ^23^)12 (d) 

holds in End k (M ® M <g> M ) . 
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Remarks 2.2 1. If R is a solution of the Long equation, then R satisfies the equation 

[R 12 ,R 13 + R 23 ] =0. 

Hence, any symmetric solution R (i.e. R 12 = R 21 ) of the Long equation is a solution for the 
integrability condition of the Knizhnik-Zamolodchikov equation (see M or flTOf). 

2. Let M be a finite dimensional vector space and {mi, ■ ■ ■ ,m n } a basis of M. Let R G 
End k (M <g> M) given by 

R(m v <g> m u ) = ^2 x uv m i ® m j> 

for all m, f = 1, ■ • • , n, where (x^ v )ij tUjV is a family of scalars of fc. Then R is a solution of 
the Long equation if and only if the following two equations hold: 

■^kv^ql — X kl x qa \ u I 

v a 

^kv^lq — Z^ X kl x aq {' J 

v a 

for all i, j, k, I, p, q — 1, • • • , n. 

3. The second equation of our system, namely R 12 R 23 = R 23 R 12 (called the P-equation), 
which is obtained from the quantum Yang-Baxter equation R 12 R 13 R 23 = R 23 R 13 R 12 by 
deleting the middle term from both sides, was studied in [§ . For a bialgebra H, let h£ h be 
the category of if-dimodules. In M we proved that in the finite dimensional case the maps 

R(M,-,p) '■ M <g> M — > M <g) M, R( M ,-,p){m <S> n) : = 5Z n <i> ' m ® n <o>, 

where (M, -,p) is a _D(_R)-dimodule for some bialgebra D(R), describle all the solutions of 
the P-equation. 

Examples 2.3 1. Suppose that R G Endfc(M <g> M) is bijective. Then, R is a solution of 
the Long equation if and only if R" 1 is. 

2. Let (mj)jei be a basis of M and (dij)i,jei De a family of scalars of k. Then, R : M <g> M — > 
M ® M, _R(mj (gi m,) = Oy-mj <8> m^, for all z, j G /, is a solution of the Long equation. In 
particular, the identity map Idu®M is a solution of the Long equation. 

3. Let M be a finite dimensional vector space and w an automorphism of M. If R is a 
solution of the Long equation, then U R := {u ® u)R{u ® u)^ 1 is also a solution of the Long 
equation. 

4. Let A be a fc-algebra, (oi)i=i ... n be a family of elements of A and (M, ■) a left A-module. 
Then 

n 

R:M®M^M®M } R(l®m):=J2 l ® 

di ■ m 

i=l 

for all /, m G M, is a solution of the Long equation. 
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5. Let A be a fc-algebra and R = Y,R X ® R 2 ^ A® A such that 

J2 R 1 ^ ® ^ 2 = J2 aRl ® ^ 2 ( 8 ) 
for all a & A. If (M, •) is a left A-module, then the homothety 

ft : M <g> M -> M(g)M, K(m ® n) = R ■ {m ® n) = R l ■ m ® R 2 ■ n, 
is a solution of the Long equation. 

6. Let f,gE Endfc(M) such that fg = gf. Then, R := f <g) g is a solution of the Long 
equation. 

In particular, let M be a two-dimensional vector space with {ma, 777.2} a basis. Let /, g G 
End/c(M) such that, with respect to the given basis, they are: 

/ 

where a, b, c are scalars of k. Then, R — f ® g, with respect to the ordered basis {mi 

777,1, 777i ® 7772, 7772 <8> 777.x, 777.2 ® 7772} of M ® M, is given by 



/ a 


1 




' b 




I o 


a / 




v o 






i? 



/ ab ac b c \ 

a& 6 

si ac 

V ai)/ 



(9) 



and R is a solution of the Long equation. 



7. Let G be an abelian group and (M, •) be a k[G] -module. Suppose that there exists 
{M a | a G G} a family of fc[G]-submodules of M such that M = © CTeG M CT . If m G M, then 
m is a finite sum of homogenous elements m = J2 m a- The map 



i2 : M <g> M -> M <g> M, R(n ® m) = ^ 

a ■ n® mo-, Vn, m G M 

is a solution of the Long equation. 



(10) 



In , for an n-dimensional vector space M, a certain operator i?^ : M ® M — > M Cg> M is 
associated to any function : {1, • • • , n} — > {1, • • • , n}, with 2 = 0. This operator is a 
solution for what we called in || the Hopf equation 

p23 pl3 pl2 _ pl2 p23 
ft ft ft — ft ft 

We shall modify the operator in order to make it a solution for the Long equation. 

Proposition 2.4 Let M be an n-dimensional vector space with {mi, - •■,)?}„} a basis and 
(j) : {1, • • • , 77,} — > {1, • • • , n} a function with <fi 2 = <p. Let 

R^ : M <g> M -> M ® M, i^(m; ® m y ) = hjk^im^) m a ®m b 

a,&6<£ _1 (*) 
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for all i, j = 1, • • • , n. Then R := is a symmetric solution for the equation 

pl2 pl3 _ pl3 pl2 _ pl2 p23 _ p23 pl2 
it it — it it — It It — It It . 

In particular, R^ is a solution of the Long equation. 

Proof For i, j, k — 1, • • • , n we have: 

R 12 R 13 (mi <g> nij <g> m k ) = R 12 (6 ik 5 ieImW Y m a® m j ® m b) 

= S ik S ieIm ^) Y Saj5 a eim(cf>) Y m c ®m d ®m b 

a,feG0 _1 (j) c,d€4>- 1 (a) 

= ^fc^e/m(^)^e</.- 1 (j)^e/m(0) Y m c ®m d ®m b 

(using 2 = ) = 5ik5ij5 ie<j) -i {i) Y m c ®m d ®m b 

b,c,d£<{>- 1 (i) 

and 

R 13 R 12 (m i ®m j ® m k ) = i2 13 (^5 i6/TO (^ Y m a ® m d <g> m k j 

a,d£(p~ 1 (i) 

= $ijdiei m (<t>) Y 5ak5a£im{<t>) Y m c ® m d ® m b 

a,d€(t>- 1 (i) c,b£<f>- 1 (a) 

= 8ij$ieim{<j>)8ke<j>-i(i)8keim(.<i>) Y m c ®m d ®m b 

de<p- 1 (i),b,ce<p- 1 (k) 

(using 4> 2 = ) = 5ij5i k 8 i€(j) -i(i) Y m c <&m d <&m b 

6,c,de</>~ 1 (t) 

i.e. R 12 R 13 = R 13 R 12 . The proof of the second identity (R 12 R 23 = R 23 R 12 ) is left to the 
reader. 

On the other hand the family of scalars (xfi v ) which define R^ are given by x£ v = 8 U vb~<t){i)v$<t>{i)v 
for all i, j, u, v — 1, • • • , n. Hence, x£ v = x J v l u , i.e. R is symmetric. □ 

3 Long bialgebras 

Recall from || the following definition 

Definition 3.1 Let C be a coalgebra. A k-bilinear map a : C ® C — > k is called a strong 
V-map if 

Y o-(c(i) <8> d)c(2) = Y °"( c (2) ® d)c(i) (11) 

for all c, d e C. 
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Proposition 3.2 Let C be a coalgebra and a : C ® C — > k a strong T>-map. Let (M,p) be 
a right C-comodule. Then, the special map 

R a : M ® M -> M ® M, R a (m®n) = ^ <r(m<i> ® n<i>)m <0 > ® n<o> 

zs a solution of the Long equation. 

Proof Let R = R a . Then, the fact that R 12 R 23 = R 23 R 12 is Proposition 4.3 of @. We show 
that R l2 R 13 = R 13 R 12 . For I, m, n <G M we have: 

R X2 R X3 (l®m®n) = R 12 (J2 a ( l <i> ® ^<i>)^<o> ® m ® n<o>) 

= X cr (^<2> ® ™<i>M^<i> ® ™<i>)£<o> ® ™<o> ® ™<o> 

and 

R 13 R 12 (l ® m ® n) = R 13 (j2 a ( l <i> ® m <i>K<o> ® ™<o> ® n) 

= °"(^<2> ® m <l>) cr (^<l> ® ™<1>K<0> ® ™<0> ® ™<0> 

= X °"( °"(^<i>(i) g ^<i>)^<i>(2) ® ^<i>)^<o> ® ^<o> 8) n <0> 
(using (0)) = a ( a ( l <i>(2) ® w<i>)f<i>(i) ® m < i > )/ <0> ® m <0> ® n <0> 
= H °"(^<2> ® ™<i>)o"(/<i> ® m<i>)Z< > ® m <0> ® n <0 > 

i.e. R 12 R 13 = R 13 R 12 . Hence, is a solution of the Long equation. □ 

Now, we shall introduce a new class of bialgebras which play for the Long equation the 
same role as the co-quasitriangular (or braided) bialgebras do for the quantum Yang-Baxter 
equation. 

Definition 3.3 A Long bialgebra is a pair (H, a), where H is a bialgebra and o : if ®if — > k 
is a k-linear map such that the following conditions are fulfilled: 

(LI) £ a(x m ® y)x( 2 ) = £ a(x {2) ® y)x (1) 

(L2) a(x®l)=e(x) 

(L3) a(x ® yz) = £cr(a:(i) ® y)a(x( 2 ) ® z) 

(LA) a(l®x)=e(x) 

(L5) o(xy ® z) = £er(y ® 2(i))cr(z ® Z( 2 )) 

for all x, y, z E H . 

Remark 3.4 We recall that (see, for instance, [§]) a pair (H,o~) is a co-quasitriangular (or 
braided) bialgebra if a satisfies the conditions (Bl)-(B5). The conditions (B2)-(B5) are 
identical with the conditions (L2)-(L5). The first condition is 
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(Bl) £ (t(x ( i) (8) y(i))y( 2 )£(2) = E ^(2) ® y(2))z(i)2/(i) 

for all x, y E H. If (if, er) is a co-quasitriangular bialgebra and (M, p) is a right if-comodule, 
then the special map 

R a : M <g M -> M ® M, i2 CT (m <g n) = ^ cr(m < i > ® n<i>)m <0> <g n< > 

is a solution for the quantum Yang-Baxter equation R 12 R 13 R 23 = R 23 R 13 R 12 . Conversely, 
if M is a finite dimensional vector space and R is a solution of the quantum Yang-Baxter 
equation, then there exists a bialgebra A(R) and a unique fc-bilinear map cr : A(R)<8)A(R) — > 
such that (v4(i?),cx) is co-quasitriangular, M 6 A^ A ^^ and R = R a (see [g] or Q). 

We shall now present a few examples of Long bialgebras. More examples will be given after 
the main result. 

Examples 3.5 1. If H is co commutative, then (LI) holds for any /c-linear map a : H®H — ► 
/c. In particular, if G is a group and a : G x G ^ k is & bicharacter on G, then cr) is 

a Long bialgebra. 

2. Let H = k < x,y > be the free algebra generated by x and y, with the bialgebra structure 
given by 

A(x) = x (g x, A(y) = y(gl+x(g?/, e(x) = 1, e(j/) = 0. 

Let a : H ® H — > I; be a A;-bilinear map. Then, it is easy to see that (H, a) is a Long 
bialgebra if and only if 



3. Let H = k < x, y, z > be the free algebra generated by x, y, z, with the bialgebra 
structure given by 



Let a : H ®H — > A; be a A;-bilinear map. Then (H, a) is a Long bialgebra if and only if there 
exist a, b, c scalars of k such that 

a(x (g x) — <r(y (g x) = a, a(x (g y) = cr(y <g>y) = b, er(x ® z) = a(y (g z) = c, 

o-(z (g x) = er(z ® y) = a(z (g z) = 0. 
4. Let if 4 be Sweedler's 4-dimensional Hopf algebra, i.e. 



<r(x (g 1) = 1, cr(x (g x) = 1, er(x (g) £/) = 0, 

o-(i/ <g 1) = 0, a(y®x) = 0, o-(y®2/)=0. 



A(x) = x <g x, A(y) = y ®y, A(z) = x(gz + ,2(g;j/ 



e(x) = e(y) = 1, e(z) = 0. 



H 4 = k < x,y, z | x 2 



1, y 2 = 0, xy = 2, xz 



—zx = y > 



with 



A(x) = x ® x, A(y) 



y <g x + 1 <g A(z) 



X (g Z + Z (g 1 



S 



e(x) = 1, e{y) = e{z) = 0. 

It is well known that fL 4 is a co-quasitriangular bialgebra (see, for example, [|TJ). We shall 
prove that there exists no o : iL 4 eg) if 4 — > k such that (if 4, a) is a Long bialgebra. 

Suppose that there exists cr : iL 4 <g> ii 4 — > k such that (if 4 , a) is a Long bialgebra. It follows 
from (LI) that 

a(y ® /i)a; + a(l <8> h)y = a(x ® /i)y + a(y ® /i)l# 

for all h £ H. As {1, x, y, z} is a basis of ii 4 , we get that a(x®h) = a(l(B)h) and o~{y®h) = 
for all h E H . In particular, a(x (g) x) — 1 and a(a; <E> z) = a(x ®y) = 0. It follows that 

= a(x (g> y) = a(x <g> 2:2) = cr(a; <8> x) + cr(x ® z) 

hence a(x 0-2) = — 1, contradiction. 



Proposition 3.6 Let H be a bialgebra and a : H <g> H — > a k-bilinear map which satisfies 
(L3) and (L5). Suppose that (LI) holds for a system of generators of H as an algebra. Then 
(LI) holds for all elements of H . 

Proof Let x, y, z e Lf be three elements among the generators of if . It is enough to prove 
that (LI) holds for (x,yz) and (xy,z). We have: 

J2 ® ^) x (2) = XI ® 2/) CJ ( a: (i)(2) ® z)ai(2) 

= Yj ® y) a ( X (2) ® *)S(3) 

(using (LI) ) = X ^(^(l) ® Z/)°'( a; (3) ® 2)^(2) 

= E (7 ( 3: (l) g y)X(2) 0~(X(3) ® ^) 

(using (LI) ) = X <t(x(2) <g> y)cr(x (3) g> 
(using (L3) ) = J2a(x {2) (g)yz)x (1) 

i.e. (LI) holds for (x,yz). On the other hand 

= a (vm ® z (i)) g ( g (i) ® g(2))g(2) y(2) 

(using (Ll) ) = ^(x(a; {2) ® Z( 2 ))z(i) fr(2/(i) ® Z(i))2/(2) 
(using (Ll) ) = J2 a ( x m ® ^(2))a;(i)O r (y(2) ® 
(using (L5) ) = X o-(x( 2 )y(2) ® z)z(i)2/(i) 

and the proof is complete now. □ 
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We recall that if M is a right if-comodule over a co-quasitriangular bialgebra (H,a), then 
M can be viwed as an object of i{yD H ^ the category of Yetter-Drinfel'd modules, where the 
structure of left if -module on M is induced by a: 

h ■ m = ^ cr(m <1> ® h)m <0> 

for all h G H, m G M. In the next proposition we shall prove that any right if-comodule M 
over a Long bialgebra (H, a) can be viewed as an if-dimodule. 

Proposition 3.7 Let (H,a) be a Long bialgebra and (M,p) be a right H -comodule. Then, 
the left action of H on M given by 

h ■ m = ^2 a{m < i > Cg> h)m <0> 

for all h G H , m G M, makes (M, -,p) an H-dimodule. 

Proof The fact that (M, •) is a left if-module follows from (L2) and (L3). We shall prove 
that the compatibility condition (f|) holds. For h G H and m G M we have 



p(h-m) = p^cr(m<i > (8) h)m <0> ^ 

= ^o-(m<i> <g) h)m <0><0> ® m <0 ><i> 

= ^ m <0 > (8) cr(m<i>( 2 ) (g) /i)m<i>(i) 

(using (LI) ) = JI m <o> ® o-( m <i>(i) ® fc)m<i>( 2 ) 

= ^o-(m<i> (g> /i)m <0 > ®m <2 > 

= 51 ^ ' m <o> ® m <i> 
i.e. (M, -,p) is an if-dimodule. □ 



From Proposition 372 we obtain that if (H, a) is a Long bialgebra and M is a right if- 
comodule, then the natural map R a is a solution of the Long equation. Now, we shall prove 
the main result of this paper: in the finite dimensional case any solution of the Long equation 
arises in this way. 



Theorem 3.8 Let M be a finite dimensional vector space and R G Endfc(M Cg> M) be a 
solution for the Long equation. Then there exists a bialgebra L(R) and a unique k-bilinear 
map 

a : L(R) ® L(R) -> k 
such that (L(R),a) is a Long bialgebra, M is a right L(R)-comodule and R = R a . 
Furthermore, if R is bijective, then a is invertible in convolution. 
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Proof Suppose that dinifc(M) = n and let {mi, • • • , m n } be a basis for M. Let (x^ v )ij tUtV be 
a family of scalars of k such that 

R(m v g) mj = ^2 x uv m i ® JTij (12) 

for all i> = 1, • • • , n. 

Let A^ n (A;), be the comatrix coalgebra of order n with {c^ | z, j = 1, • • • , n} a /c-basis and 
(T(A4 n (k)), A, e, /i, 1) the unique bialgebra structure on the tensor algebra (T(A / l n (k)), /i, 1) 
whose comultiplication A and counit e extend the comultiplication and the counit from 
M n (k). Then M has a unique right T(.M n (£;))-comodule structure p : M -> M®T(M n {k)) 
such that 

n 

P( m i) = ^2m v <3 c vl (13) 

v=l 

for all I = 1, ■ ■ • , n. Let o(i,j, k, I) be the obstruction 

o{i, j, k,l):=Y, x{ l v c vi - x{^c ia (14) 

v a 

for all i, j, k, I = 1, • • • , n. Let I(R) be the two-sided ideal of T{M. n (k)) generated by all 
o(i,j,k,l). Then, I(R) is also a coideal of T(Ai n (k)), i.e. it is a biideal. This follows from 
the formulas 

A(o(i, j, fc,Z)) = ^(o(i, j, fc,ti) ® c ui + c iu ® o(m, j, fc,/)) 

for all i, j , k, I = 1, ■ ■ ■ ,n (see equation (16) of ||). We now define 

L{R) = T{M n {k))/I{R) 

which is a bialgebra. M has a right L(i?)-comodule structure via the natural projection 
T{M n {k)) -> L(fl), i.e. 

n 

p( m = 5Z m ^ ®^ 

for all I = 1, • • • , n. 

First we shall prove the uniqueness of o. Let o : L(-R) <g> L(-R) — - > such that (L(R), a) is a 
Long bialgebra and = R a . Let u, v — 1, ■ ■ ■ ,n. Then 

R a (m v <g> m u ) == a(c^; ® cj^rrii <g> rrij 

Hence R u {m v <g> m u ) = ^(m^ (g) m u ) gives us 

a{c^®c~) = x% v (15) 

for all i, j, u, v — 1, • • • , ra. As is generated as an algebra by (oj), the relations (|15"D 

with (L2) — (L5) ensure the uniqueness of a. 
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Now we shall prove the existence of a. First we define 

(Jo : M n {k) ® M n {k) -»■ k, a (c iv ® c ju ) = xft, 
for all i, j, u, v — 1, • • • , n. Then, we extend o"o to a map 

<xi : T(M n (k)) ® T(_M n (*0) -> jfe 
such that (L2) — (L5) hold. We shall prove that a% factorizes to a map 

a : L(i?) ® L(i?) -> fc 

i.e. 

<7i(r(A< ft (fc)) ® o(i, j, fc, /))= ^(ofr j, fc, /) ® T(AT(£;))) = 0. 
For i, j, k, I, p, q — 1, • • • , n we have: 

- "V T i* _ \ " J.V 

~ / j^kv^lg Z^i kl^cxq 
v a 

(from © ) = 



and 



<7i(o(l, j, k,l) <g> C pq ) = X kv a l (°vl ® c pq) ~ Y^ X M a l ( C '" ' 

v 

Eji pv jot 
^kv^ql / , x kl x 

(from (D ) = 



v a 
v a 



Hence, we have constructed a : L(R) <g> L(R) — > k such that (L2) — (L5) hold and R = R a . 
It remains to prove that o satisfies (LI). Using proposition |3l| it is enough to show that 
(LI) holds on the generators. Let x = c^J, y = c^. We have: 

a ( x (i) ® 1/) :E (2) = XI ® c^) c^" = X 

V V 

and 

X °"( a; (2) ® y)af(i) = X °"(^ ® c^) = X x ?i 

Hence, 



X cr(x (1) ® y) x {2 ) - a ( x W ® = °(*> P> 9> •?') = °> 

i.e. (LI) holds. Suppose now that R is bijective and let S = R~ x . Let (y J u l v ) be a family of 



scalars of k such that 



S(m v ®m u ) = J2v 



j 1 



rrij ® m~ 



1,3 



for all u, v = 1, • • • , n. We define 



a : L(R) <g> L(i?) — > fc, a'(cj v <g> c,- u ) := 
12 



for all i, j, u, v = 1, • • • , n. Now it is routine to see that a' is well defined and it is the 
inverse of a. □ 



Remark 3.9 Let M be a finite dimensional vector space and R G End&(M <g> M) be a 



solution for the Long equation. Using theorem [3.8| and proposition |3J, we obtain that M 
has a structure of a L(i?)-dimodule (M, -,p) and = RfM,-,p)- 

Examples 3.10 1. Let a, b, c G k such that (6, c) 7^ and R G .M^/c) given by the formula 
(£5|). Then, i? is a solution of the Long equation. The bialgebra L(R) can be described as 
follows: 

• as an algebra L(R) = k < x,y >, the free algebra generated by x and y. 

• the comultiplication A and the counity e are given by 

A(x)=x®x, A(y) = x <S> y + y ® x, e(x) = 1, e(y) = 0. 
Indeed, if we write 

2 

R(m v <g> m u ) = Y x uv m i ® "ij 
we get that, among the elements (x^ v ), the only nonzero elements are: 

12 7 11 _ 21 _ j 12 _ 22 _ 7 

• C 12 ~~ X 21 ~ C 5 ^22 ~~ °' -^22 ~~ QC ) -^22 — 00 

The sixteen relations o(i,j,k,l) = 0, written in lexicographic order according to (i,j,k,l), 
starting with (1, 1, 1, 1), are 

abcn + 6c 2 i = abcu, abc u + &c 22 = ben + abc\ 2 

accn + CC21 = accn, acc\ 2 + cc 22 = cc\\ + acci 2 
= 0, = 0, abc u + 6c 2 i = abcn, abcu + 6c 22 = ben + abcu 
abc 2 i = abc2i, a&c 22 = abc 2 2, acc 2 i = acc 2 i, acc 22 = cc 2 i + acc 22 
= 0, = 0, abc2i = a6c 2 i, a6c 22 = a6c 22 + 6c 2 i 
Only the four relations below remain: 

bc 2 i = 0, bc 2 2 = ben, cc 2 i = 0, cc 22 = cc u 

As (6, c) 7^ (0,0), there are only two linear independent relations: 

c 2 i = 0, c 22 = Cn 

Now, if we denote Cn = x, c i2 = the above description of L(R) follows. Moreover, L(R) 
can be viewed as a Long bialgebra, where a : k < x,y > ®k < x, y >— > k is given by: 

a(x ® 1) = 1, a(x ® x) = afe, a(x ®y) = c, 
£7(2/ <8) 1) = 0, a{y®x) = b, a{y®y)=Q. 
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2. Let a, b G k and R G M.±(k) given by 



R 



( a \ 
6 

V / 

Then R is a solution of the Long equation, as R — f <g) g, where / and g are given by 

' 1 





( a 




) «- 


v o 





* ^00 

i.e. fg = gf. We shall describe the bialgebra L(R). Suppose (a, b) ^ (otherwise i? = and 
= T(Ai 4 (k)) ). Among the sixteen relations o(i,j, k, I) = 0, the only linear independent 
ones are: 

ac\2 = ac 2 i = bc\2 = bc 2 i = 

As (a, b) ^ 0, we obtain c\2 = c 2 i = 0. Now, if we denote en = x, C22 = y, we get that the 
bialgebra L(R) has the following description: 

• as an algebra, L(R) = k < x,y >, the free algebra generated by x and y. 

• the comultiplication A and the counity e are given in such a way that x and y are groupal 
elements 

A(x) = x ® x, A(y) = y ®y e(x) = e(y) = 1. 
Moreover, < x, y > is a Long bialgebra as follows: 

cr(a; ® 1) = 1, a(x <S> x) = a, a(x ®y) = b, 
a(y (g) 1) = 1, cr(y <8> x) = a(y®y) = 0. 

3. Let M be an n-dimensional vector space with {mi, • • • , m n } a basis and : {1, • • • , n} — > 
{1, • ■ ■ , n} a function with 2 = 0. We have proven that the map 

: M ® M -> M <g> M, ^(m 8 ® m^) = <*y<5ieim(0 m a ®m b (16) 

for all z, j = 1, ■ • ■ ,n, is a solution of the Long equation. Below, we shall describle the 
bialgebra L(R^). From equation (|16D , the scalars (x J ^ v ) which define are given by 

for all i, j, u, v — 1, • • • , n. The relations o(i,j, k, I) — are 

v a 

or equivalent to 

a)lQa 
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for all i, j , u, v = 1, ■ ■ ■ , n. All the relations o(i,j, k, I) — are identities = 0, with the 
exception of the following three types of relations: 

o{i,j,<j>{j),l) = 0, for all I ± 0(j), 0« = <f>(j) 
o(z,j,0(j),0(j))=O, for all 0(z) ± 0(j) (17) 
o(i,j, 0(j), <t>{j)) = 0, for all <j>(i) = <f>{j) 

which give us the following description of the bialgebra L(R^): as an algebra, L(R^) is the 
free algebra generated by (cy) with the relations: 

c^i = 0, for all I ^ 0(j) 

Eoe*- 1 ^)) Cia = °> for a11 0( 4 ') ^ ^0') ( 18 ) 
SaG^-i (</>(«)) Cj a = c^(j)^(j), for all z = 1, • • • , n 

The comultiplication and the counity of L(R^) are given in such a way that the matrix (c^) 
is comultiplicative. The bialgebra L(R^) is a Long bialgebra with 

a : L{R^) <g> L{B*) -> fc, a(c it) <g> c ju ) = 5u^(;)„^o> 

for all z, j, u, v = 1, • • • , n. 

4. In the next three examples we point out particular cases of the previous example. Let 
the identity map, i.e. 0(i) — i for alii = 1, • • • , n. Then L(R^) — k < x%, • ■ • , x n >, the free 
algebra generated by x%, • ■ • , x n , and the coalgebra structure is given in such a way that Xi 
is a group-like element, i.e. A( and e{xj) = 1 for alH = 1, • • • , n. Indeed, from 
the relations flTgp, only 

remains. If we denote ca = Xi the conclusion follows. We note that the bialgebra k < 
Xi, ■ • • , x n > is a Long bialgebra with a : k < x±, • • • , x n > ®k < x±, ■ • • , x n >— > k given by 

a(xi <8>Xj) = 8ij 

for all i, j = 1, • • • , n. 

5. Let n = 4 and given by 

0(1) = 1, 0(2) = 0(3) = 0(4) = 2. 

Then the relations QT8D are: 

c ll — c 2j — <kl = 0) c 32 + C33 + C34 = C22, C42 + C43 + C44 = C22 

for all I 1, j ^ 2, i ^ 1. Now, if we denote C\\ = x\, c 2 2 = x 2 , c 32 = £3, c 33 = x 4 , c 42 = x 5 , 
C44 = x 6 we obtain the description of the corresponding bialgebra L(R^): 

• as an algebra L(R^) = k < Xi | % — 1, • • • , 6 >, the free algebra generated by six generators. 
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• the co-multiplication A and the counity e are given by 

A(xi) = X\ ® Xi, A(x 2 ) = x 2 <%> x 2 , 

A(ar 3 ) = x 3 ®x 2 +x 4 ®x 3 + (x 2 -x 3 -x A )®x 5 , A(x 4 ) = X4®x 4 + (x 2 -x 3 -x 4 )®(x 2 -x 5 -x 6 ), 
A(x 5 ) = x 5 (g)a;2 + (a;2-a;5-a; 6 )(g)a;3 + x 6 (g)X5, A(x 6 ) = (x 2 -x 5 -x e )® (x 2 -x 3 -x 4 ) + x 6 ®x 6 

e(x\) = e(x 2 ) = e(x 4 ) = e(x 6 ) = 1, e(x 3 ) = e(x 5 ) = 0. 
6. Let n = 4 and given by 

0(1) = 0(2) = 2, 0(3) = 0(4) = 4. 

Then the relations ([18]) are: 

C 2 l = C 4 j = 0, C\\ + C12 = C22, C33 + C34 = C44, C13 + C14 = C31 + C32 = 

for all I ^ 2, j ^ 4. If we denote c u = sci, c i2 = x 2 , c 13 = x 3 , c 31 = x 4 , c 33 = x 5 , c 34 = z 6 , 
we obtain the description of the corresponding bialgebra L(R^): 

• as an algebra L(R^) = k < Xi | i — 1, • • • , 6 >, the free algebra generated by six generators. 

• the comultiplication A and the counity e are given by 

A(xi) = xi <g> x\ + x 3 (g> £4, A(x 2 ) = £1 <8> £2 + £2 <8> £i + x 2 ® x 2 — x 3 ® x 4 , 

A(x 3 ) = Xi <S> x 3 + x 3 <S> x 5 , A(x 4 ) = x 4 <S> x± + x 5 <8> £4, 
A(x 5 ) = x 4 <g> x 3 + x 5 ® x 5 , A(x 6 ) = — x 4 ® x 3 + £ 5 <g> x 6 + x 6 <8> x 5 + x 6 <g> x 6 
e(ici) = £(a; 5 ) = 1, £(^2) = £(^3) = £(^4) = £(^e) = 0. 
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